Abstract. For any two continuous maps f, g between two solvmanifolds of same dimension satisfying the Mostow condition, we give a technique of computation of the Lefschetz coincidence number of f, g. This result is an extension of the result of Ha, Lee and Penninckx for completely solvable case.
Introduction
For two compact oriented manifolds M 1 and M 2 of the same dimension, for two continuous maps f, g : M 1 → M 2 , as generalizations of the Lefschetz number and the Nielsen number for topological fixed point theory, the Lefschetz coincidence number L(f, g) and the Nielsen coincidence number N (f, g) are defined. The Nielsen coincidence number N (f, g) is a lower bound for the number of connected components of coincidences of f and g. But computing the Nielsen coincidence number is very difficult. For some classes of manifolds, we have relationships between the Lefschetz coincidence number L(f, g) and the Nielsen coincidence number N (f, g).
Let G be a simply connected solvable Lie group with a lattice (i.e. cocompact discrete subgroup of G) Γ. We call G/Γ a solvmanifold. If G is nilpotent, we call G/Γ a nilmanifold.
For two solvmanifolds G 1 /Γ 1 and G 2 /Γ 2 with two continuous maps f, g : [18] , Wang showed the inequality |L(f, g)| ≤ N (f, g).
Hence by Lefschetz coincidence number L(f, g) we can estimate the number of coincidences of f, g. Suppose that G 1 and G 2 are completely solvable i. e. for any element of G the all eigenvalues of the adjoint operator of g are real. Then the de Rham cohomologies of solvmanifolds G 1 /Γ 1 and G 2 /Γ 2 are isomorphic to the cohomologies of the Lie algebras of G 1 and G 2 . Moreover for the induced maps f * , g * :
we can take homomorphisms Φ, Ψ : G 1 → G 2 which are extensions of f * , g * . In [4] , Ha, Lee and Penninckx computed the Lefschetz coincidence number L(f, g) by using "linearizations" Φ, Ψ of f and g.
In this paper, for a solvmanifold G/Γ we consider the Mostow condition: "Ad(G) and Ad(Γ) have the same Zariski-closure in Aut(g C )" where Ad is the adjoint representation of a Lie group G. The condition: "G is completely solvable" is a special case of the Mostow condition (see [17] and [3] ). In [11] , Mostow showed that for a solvmanifold G/Γ satisfying the Mostow condition, the de Rham cohomology of G/Γ is also isomorphic to the cohomology of the Lie algebra of G. However, for two solvmanifolds G 1 /Γ 1 and G 2 /Γ 2 satisfying the Mostow conditions, extendability of homomorphisms between lattices Γ 1 and Γ 2 is not valid. (For isomorphisms, "virtually" extendability is known ( [17] )). Thus in order to compute the Lefschetz coincidence number L(f, g) of two continuous maps f, g : G 1 /Γ 1 → G 2 /Γ 2 between solvmanifolds satisfying the Mostow condition, we should give new idea of "linearizations".
In this paper, we give a technique of linearizations of all maps between solvmanifolds satisfying the Mostow condition and we give a formula for the Lefschetz coincidence number which is similar to the result by Ha, Lee and Penninckx ( [4] ).
Lefschetz numbers and spectral sequences
Let V * be a finite dimensional graded vector space and f * : V * → V * a graded linear map. Then we denote
Lemma 2.1. Let C * be a bounded filtered cochain complex and f * : C * → C * a morphism of filtered cochain complex with the induced map H * (f ) :
Consider the spectral sequences E * , * r (C * ) of C * and the map E * , * r (f ) : E * , * r (C * ) → E * , * r (C * ) induced by f * . Consider the graded linear map Tot * E * , * r (f ) : Tot * E * , * r (C * ) → Tot * E * , * r (C * ) for the total complex. We suppose that for some integer s, for r ≥ s, the E r -term E * , * r (C * ) is finite dimensional.
Then for each r ≥ s, we have
r (f )). Proof. By the assumption, sufficiently large r, we have
Hence by using the property of trace (see [6, Proposition 2.3 .11]) we have
By the Hopf lemma for trace (see [6, Lemma 2.3 .23]), we have
and inductively for s ≤ r, we have
Hence the lemma follows.
Let A * be a finite-dimensional graded commutative C-algebra.
Definition 2.2.
A * is of degree n Poincaré duality type (n-PD-type) if the following conditions hold:
• A * <0 = 0 and A 0 = R1 where 1 is the identity element of A * .
• For some positive integer n, A * >n = 0 and A n = Rv for v = 0.
• For any 0 < i < n the bi-linear map
Let A * 1 and A * 2 be finite-dimensional graded commutative R-algebras of n-PD-type and f * : A * 2 → A * 1 and g * : A * 2 → A * 1 graded linear maps. By isomorphisms :
For two compact oriented manifolds M 1 and M 2 of the same dimension, for two continuous maps f, g : M 1 → M 2 , we consider the induced maps
) is of n-PD-type if the following conditions hold:
• A * is a finite-dimensional graded R-algebra of n-PD-type.
• dA n−1 = 0 and dA 0 = 0.
As similar to the Poincaré duality of the cohomology of compact Riemannian manifold, we can prove the following lemma.
Lemma 2.5 ([8])
. Let (A * , d) be a finite dimensional DGA of n-PD-type. Then the cohomology algebra H * (A) is a finite dimensional graded commutative R-algebra of n-PD-type.
Then the following lemma follows from Lemma 2.5 inductively.
Lemma 2.6. Let A * be a bounded filtered differential graded algebra. Suppose that:
• The cohomology H * (A * ) is a finite dimensional graded algebra of n-PD-type.
• For some integer s, the total complex (Tot * E * , * s (A * ), d s ) of the E sterm of the spectral sequence is a finite dimensional graded algebra of n-PD-type.
Then for each r ≥ s, the total complex (Tot * E * , * r (g), d r ) of the E r -term of the spectral sequence is also a graded algebra of n-PD-type. • The cohomologies H * (A * 1 ) and H * (A * 2 ) are finite dimensional graded algebra of n-PD-type.
Proof. Since we have
• For some integer s, the total complexes Tot * E * , * r (A 1 ) and Tot * E * , * r (A 2 ) of E r -terms are finite dimensional graded algebras of n-PD-type. Hence inductively the lemma follows.
3. The Ha-Lee-Penninckx formula Let V be a n-dimensional vector space. Consider the exterior algebra V . Then V is a finite-dimensional graded commutative C-algebras of n-PD-type. In [4] , Ha-Lee-Penninckx showed: 
Lie algebra cohomology
Let g be a n-dimensional solvable Lie algebra. We consider the DGA g * with the differential d which is the dual to the Lie bracket of g. We suppose that g is unimodular. Then g * is a DGA of n-PD-type. Take a basis X 1 , . . . , X n of g and its dual basis x 1 , . . . , x n of g * .
Let n be a ideal of g. We consider the spectral sequence (E p,q r (g), d r ) given by the extension 0 → n → g → g/n → 0. This spectral sequence is given by the filtration
We have
whose differential d 1 is the differntial on (g/n) * ⊗ H * (n) twisted by the action of g/n on H * (n) and
Since we suppose that g is unimodular, we have d n−1 g * = 0 and so g * is a finite dimensional DGA of n-PD-type. By Lemma 2.6, the total complex (Tot * E * , * r (g), d r ) of each E r -term of the spectral sequence is also a graded algebra of n-PD-type.
de Rham Cohomology solvamanifolds with Mostow conditions
Let G be a simply connected solvable Lie group with a lattice Γ. We suppose the Mostow condition: Ad(G) and Ad(Γ) have the same Zariskiclosure in Aut(g C ). Then we have: We consider the filtration
This filtration gives the filtration of the cochain complex g * and the filtration of the de Rham complex A * (G/Γ). We consider the spectral sequence E * , * * (g) of g * and the spectral sequence E * , * * (G/Γ) of A * (G/Γ). Then we have the commutative diagram
where H * (N/Γ ∩ N ) is the local system on the cohomology of fiber induced by the fiber bundle (see [5] , [15, Section 7] ).
is an isomorphism. Proof. We first show that for each r, the induced map E * , * r (g) → E * , * r (G/Γ) is injective. A simply connected solvable Lie group with a lattice is unimodular (see [15, Remark 1.9] ). Let dµ be a bi-invariant volume form such that
Then this map is a cochain complex map (see [7] ) such that I • i = id | g * . The map I is compatible with the filtration as above. Hence I induces a homomorphism E * , * r (G/Γ) → E * , * r (g). This implies that the induced map E * , * r (g) → E * , * r (G/Γ) is injective. Consider the A-action on H * (n) which is the extension of the a-action on H * (n) given by 0 → n → g → a → 0. Since we have H * (n) ∼ = H * (N/Γ ∩ N ). The local system H * (N/Γ ∩ N ) is given by the Γ-action on H * (n) which is the restriction of the A-action on H * (n). Since Ad(G) and Ad(Γ) have the same Zariski-closure in Aut(g C ), the images of actions A → Aut(H * (n)) and p(Γ) → Aut(H * (n)) have also the same Zariski-closure in Aut(H * (n)). Then by [15, Theorem 7.26] we have
Hence the theorem follows.
Linearizations of solvamanifolds with Mostow conditions
Consider two simply connected solvable Lie groups G 1 and G 2 with lattices Γ 1 and Γ 2 . We assume that they satisfy the Mostow condition. Let φ : Γ 1 → Γ 2 be a homomorphism. Then we have
Hence φ induces the homomorphismφ :
Proof. Consider the surjection 
Thus the lemma follows. 
and p 2 (Γ 2 ) are lattices in N 1 , N 2 , A 1 and A 2 respectively, we can take unique Lie group homomorphisms Φ 1 : N 1 → N 2 and Φ 2 : A 1 → A 2 which are extensions of φ :
Lemma 6.2. We consider the spectral sequences
and E * , *
Then the linear map 
for all v ∈ A 1 . Consider the Lie algebra homomorphism Φ 2 * : a 1 → a 2 and the a 1 -action ∆ 1 * : a 1 → End(H * (n 1 )) and a 2 -action ∆ 2 * : a 2 * → End(H * (n 2 )). Then we have
for all V ∈ a 1 . This implies that the map ∧Φ * 2 ⊗ H * (∧Φ * 1 ) : E * , * 1 (g 2 ) = a * 2 ⊗ H * (n 2 ) → a * 1 ⊗ H * (n 1 ) = E * , * 1 (g 1 ). is a cochain complex homomophism, since the differentials of the cochain complexes E * , * 1 (g 1 ) = a * 1 ⊗ H * (n 1 ) and E * , * 1 (g 2 ) = a * 2 ⊗ H * (n 2 ) are twisted by the a 1 -action ∆ 1 * : a 1 → End(H * (n 1 )) and the a 2 -action ∆ 2 * :
